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Abstract. We derive general expressions for the stopping and image forces on an external 
charged particle moving parallel to a sandwich-like structure consisting of two doped 
graphene sheets separated by a layer of Al2O3 (sapphire). 
 
 

1. INTRODUCTION 
 

In nanoscale devices graphene typically appears in stacks separated by insulating 
layers (Yan et al. 2012), which usually support strong Fuchs-Kliewer or optical 
surface phonon modes (Fischetti et al. 2001). Those phonon modes are active in the 
terahertz (THz) to mid-infrared (mid-IR) frequency range and can hybridize with 
the Dirac plasmon in doped graphene which operates in the same frequency range 
(Fei et al. 2011). As a prototype of layered heterostructures involving doped 
graphene sheets, in our previous publication (Despoja et al. 2017) we studied a 
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graphene-sapphire-graphene composite system. We derived an expression for its 
effective dielectric function using two complementary methods for graphene’s 
electronic response, based on the massless Dirac fermions method and the ab initio 
approach, and found that the structure supports a variety of interesting plasmon-
phonon hybrid modes in the THz to mid-IR frequency range. In our recent 
publication (Despoja et al. 2019) we derived an expression for the total potential in 
the plane of the upper graphene sheet (the wake potential) and studied the impact 
of plasmon-phonon hybridization on the wake effect in the interaction of moving 
external charge with the graphene-Al2O3-graphene composite. In this work we 
derive general expressions for the stopping and image forces on an external 
charged particle moving parallel to the graphene-Al2O3-graphene composite system 
in order to study the effects of plasmon-phonon hybridization on those forces. Note 
that we use Gaussian electrostatic units, set  ൌ 1 and denote the charge of a 
proton by ݁  0. 
 

2. BASIC THEORY 

 
We use a Cartesian coordinate system with coordinates ൛ ሬܴԦ, ൟ, where ሬܴԦݖ ൌ ሼݔ,  ሽݕ

is a two-dimensional (2D) position vector in the ݕݔ-plane and ݖ the distance from 
it, and assume that two graphene sheets are placed in the planes ݖ ൌ ܽ/2 and 
ݖ ൌ െܽ/2, as shown in Fig. 1, with the space between them being a layer of Al2O3 
(sapphire) of thickness ܽ. The sapphire layer is approximated by a homogeneous 
dielectric slab described by local dielectric function ߝ௦ሺ߱ሻ (Ong et al. 2012), 
whereas graphene sheets are described by 2D response functions, ߯ଵሺݍ, ߱ሻ and 
߯ଶሺݍ, ߱ሻ, for their non-interacting electrons. Furthermore, we assume that an 
incident particle with charge ܼ݁ moves at the velocity ݒ parallel to a graphene-
Al2O3-graphene composite at distance ܾ from the closest surface. 

In our previous publication (Despoja et al. 2017) we derived an expression for 
the screened Coulomb interaction ܹሺݍԦ, ߱, ,ݖ  ᇱሻ between the points in Fig. 1 withݖ

,ݖ ᇱݖ  ܽ/2 as ܹሺݍԦ, ߱, ,ݖ ᇱሻݖ ൌ ሺ2ݍ/ߨሻ݁ିห௭ି௭
ᇲห  ܹௗሺݍԦ, ߱, ,ݖ  ᇱሻ, whereݖ

 

ܹௗሺݍԦ, ߱, ,ݖ ᇱሻݖ ൌ
ଶగ


ቂ ଵ

ఌሺሬԦ,ఠሻ
െ 1ቃ ݁ି൫௭ା௭

ᇲି൯                           (1) 

 
is the induced Coulomb interaction with ݍԦ ൌ ൛ݍ௫,  ௬ൟ being the momentum transferݍ

vector parallel to the ݕݔ-plane and ݍ ൌ ටݍ௫ଶ   ௬ଶ, whereas the effective 2Dݍ

dielectric function ߝሺݍԦ, ߱ሻ may be written as: 
 

,ݍሺߝ ߱ሻ ൌ
ଵ

ଶ
ቂ1  ௦ሺ߱ሻߝ cothሺܽݍሻ 

ସగమ


߯ଶቃ െ

ଵ

ଶ

ఌೞమሺఠሻ௦మሺሻ

ଵାఌೞሺఠሻ cothሺሻା
రഏమ


ఞభ

        (2) 
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Figure 1: Diagram of the stopping force ܨ௦ and the image force ܨ that act on the 
point charge ܼ݁ moving parallel to the ݔ axis with constant speed ݒ at a fixed 

distance ܾ above the graphene-Al2O3-graphene composite system. 
 
 

3. RESULTS FOR STOPPING AND IMAGE FORCES 
 

For an external point charge ܼ݁ moving parallel to a graphene-Al2O3-graphene 
composite at a fixed distance ܾ above the top graphene layer placed in the ݖ ൌ ܽ/2 
plane with a constant velocity ݒԦ, so that its charge density may be written as 
௫௧൫ߩ ሬܴԦ, ,ݖ ൯ݐ ൌ ൫ߜܼ݁ ሬܴԦ െ ݖሾߜ൯ݐԦݒ െ ሺܽ 2⁄  ܾሻሿ, the induced potential in the region 
above the upper graphene sheet, ݖ  ܽ/2, may be expressed as: 

 

Φௗ൫ ሬܴԦ, ,ݖ ൯ݐ ൌ


ሺଶగሻమ
 ܹௗሺݍԦ, Ԧݍ ⋅ ,Ԧݒ ,ݖ ܽ 2  ܾ⁄ ሻ ݁ሬԦ⋅൫ோሬԦି௩ሬԦ௧൯݀ଶݍԦ              (3) 

 
Substituting Eq. (1) into Eq. (3) and assuming that a point charge moves along 

the ݔ axis with the speed ݒ, one obtains an expression for the induced potential as: 
 

Φௗሺݔ, ,ݕ ,ݖ ሻݐ ൌ


ଶగ

షሺషೌ మ⁄ శ್ሻ


ቂ ଵ

ఌሺ,ೣ௩ሻ
െ 1ቃ ݁ൣೣሺ௫ି௩௧ሻା௬൧݀ݍ௫݀ݍ௬       (4) 

 
The stopping and the image forces on the moving charge ܼ݁ are defined in 

terms of the induced potential Φௗሺݔ, ,ݕ ,ݖ  ሻ, respectively, as follows (Marinkovićݐ
et al. 2015): 
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F௦ ൌ െܼ݁
డሺ௫,௬,௭,௧ሻ

డ௫
ቚ
௫ୀ௩௧,௬ୀ,௭ୀ ଶା⁄

                                (5) 

 

F ൌ െܼ݁
డሺ௫,௬,௭,௧ሻ

డ௭
ቚ
௫ୀ௩௧,௬ୀ,௭ୀ ଶା⁄

                               (6) 

 
By using these definitions along with Eq. (4), it is easy to obtain: 
 

F௦ ൌ
ଶሺሻమ

గ
 

ೣషమ್


݉ܫ ቂ ଵ

ఌሺ,ೣ௩ሻ
ቃ ௬ݍ௫݀ݍ݀

ஶ


ஶ
                            (7) 

 

F ൌ
ଶሺሻమ

గ
  ݁ିଶܴ݁ ቂ

ଵ

ఌሺ,ೣ௩ሻ
െ 1ቃ ௬ݍ௫݀ݍ݀

ஶ


ஶ
                         (8) 

 
where we used the symmetry properties of the real and imaginary parts of the 
dielectric function ߝሺݍ, ߱ሻ from Eq. (2). 

Note that the stopping force is the negative of the usual stopping power ܵ, 
F௦ ൌ െܵ, whereas the image force is related to the familiar image potential ܸ via 
ܨ ൌ െ݀ ܸ ܾ݀⁄ . 
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